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Abstract 

Operator-valued frames (or ^-frames) are generalizations of frames and fu¬ 
sion frames and have been used in packets encoding, quantum computing, 
theory of coherent states and more. In this paper, we give a new formula for 
operator-valued frames for finite dimensional Hilbert spaces. As an applica¬ 
tion, we derive in a simple manner a recent result of A. Najati concerning 
the approximation of (/-frames by Parseval ones. We obtain also some results 
concerning the best approximation of operator-valued frames by its alternate 
duals, with optimal estimates. 
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1. Introduction 


Frames in Hilbert spaces were introduced by Duffin and Schaeffer 10 


m 

1952, in the context of nonharmonic Fourier series. After a couple of years, 
in 1986, frames were brought to life by Daubechies, Grossman and Meyer 
(9f Frames have nice properties which makes them useful tools in signal 
processing, image processing, coding theory, sampling theory and more 
In the following we denote by V. a separable Hilbert space and by C(fK) 
the space of all linear bounded operators on "H. 


Definition 1. A family of elements { f n C H is called a frame for fi if 
there exists constants A, B > 0 such that 


A\\x\\ 2 <^2\(x,f n )\ 2 < B\\x\\ 2 , xeH. 

n=l 


Email address: gavruta_laura@yELhoo.com, pgavruta@gmail. com (L. Gavru1;a, P. 
Gavruta) 


Preprint submitted to Elsevier 


April 21, 2015 







The constants A, B are called frame bounds. 

We say that a frame is tight if A = B. a Parseval frame if A = B = 1 
and an exact frame if it ceases to be a frame when any one of its elements is 
removed. 

The exact frames are in fact Riesz bases. If just the last inequality in the 
above definition holds, we say that {f n }^ =1 is a Bessel sequence. 

The operator 

OO 

T:l 2 ^U, T{c n }™ =1 -J^Cnfn 

n= 1 

is called synthesis operator (or pre-frame operator). The adjoint operator is 
given by 

e = T *-.n^i 2 , ex = {(x, / n )}“ =1 . 

and is called the analysis operator. By composing T with its adjoint T* we 
obtain the frame operator 

OO 

s-.n^n, sx = tt* x = f n )f n . 

n= 1 

The next theorem is one of the most important results about frames. 

Theorem 1. Let {f n }%Li C TL be a frame for TL with frame operator S. 
Then 

(i) S is invertible and self-adjoint; 

(ii) every x G TL can be represented as 

OO OO 

X = ' S '~ 1 /n)/n- ( X ) 

71=1 71=1 

The relation (jT() is called the reconstruction formula. We call {(x, 5 ,_1 /n) }ff=\ 
the frame coefficients. 

The frame {S '~ 1 / n }^ =1 is called the canonical dual frame of {f n }%Li- A 
sequence for TL is called an alternate dual for {f n }^ =1 if it satisfies 

the following equality 

OO 

x = ^2(x 1 g n )fn, Vx e TL. 

71=1 


2 


A generalization of frames, which allows to reconstruct elements from the 
range of a linear and bounded operator in a Hilbert space, was obtain by L. 
Gavruta jlil ]. 

In 2006, W. Sun 


21 [ introduced the concept of (/-frame, (/-frames are 


generalized frames which include ordinary frames, bounded invertible linear 
operators, fusion frames, as well as many recent generalizations of frames. 
See also the paper of V. Kaftal, D. Larson and S. Zhang [l 8 j. For the general 
theory of fusion frames see the papers of P.G. Casazza et al. [ 6 ;] and P. 
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For the connection between the theory of g-frames and quantum theory 
as in [7] and [l9|, see the papers [lj, (l7| . 

In the following we consider 77 and K be two Hilbert spaces. We denote 
by £(77, 1C) the space of all linear bounded operators from 77 into 1C. By I 
we denote a finite or a countable set. 


Definition 2. We say that a sequence {Aj G £(77, 1C) : i G 1} is a generalized 
frame or a g-frame for PL if there exists two positive constants A and B such 
that 

A||x|| 2 < ^ ||A;x|| 2 < _B||x|| 2 , Vx G 77. 

iei 

We call A and B frame bounds. We say that {A* : i G 1} is a g-tight 
frame if A = B and a g-Parseval frame if A = B = 1. 

A frame is equivalent to a g-frame whenever 1C = C. 

The (/-frame operator S is defined as follows 

Sx = A* A jX, 

iei 

where A* is the adjoint operator of Aj. 

W. Sun proved in the paper j2l| that S is well-defined, bounded and self- 
adjoint operator. Then the following reconstruction formula takes place for 

all x G 77 

x = SS-'x = S-'Sx = A*A i 5' _1 x = S -1 A*AjX 

iei iei 

We call {AjTW 1 } the canonical dual g-frame of {Aj}. A (/-frame {Tj} is called 
an alternate dual g-frame of {Aj} if it satisfies 

x = AjTjX, Vx G 77. 

*ei 
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2. Results 


Before the main results, we give some preliminary results (we refer to 
Propositions El |3] |4] [5| . 

Proposition 2. Let { Aj} e £("H,/C) be a g-frame. Then'LL is finite-dimensional 

iff 

1111 F < °°; 
i 

where by || • ||f we denote the Frobenius norm (or the Hilbert-Schmidt norm). 
Proof. Let {ej} Jg j be an orthonormal basis for Ft. Then 

E h a <Hf = E E ii--v*u 2 = E E ii A - e ‘H 2 

i i k k i 

If dim H = n = card J we have Eii a -ii 2 sE B = B card J < oo. 

i fcel 

If ||||^ < oo we have A card J < EE IIA-jCfc|| 2 < oo. 

k k i 

Proposition 3. //{A*} and {Tj} are Parseval g-frames we have the follow¬ 
ing equality 

^||LA*|| 2 F = ]T||Lr:f F , 

i i 

for Le C(H,IC). 

Proof. 

Elir A ,*llF = Ell A ‘ i *l& 

i i 

= EEii Aii * e ‘ii 2 

i k 

= EEii a -( l V>II 2 

k i 

= ^\\L*e k \\ 2 

k 

We use the fact that ||T||i7 = ||T*||i?. 
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Proposition 4. Let {T*} be a Parseval g-frame and PL a finite n-dimensional 
Hilbert space. Then 


DF 


*11 F 


= n. 


iei 


Proof. 22 ll r *llF = 22 22 ll r * e fcll 2 = 22 22 H r * efc H 2 = ^ 1 = n. 

i i k k i k 

More general, we have the following result. 

Proposition 5. Let {A*} be a g-frame for a finite n-dimensional Hilbert 
space H with g-frame operator S. Then for all real number a, we have 

22 ||A*jS'“||^ = Tr(S 2a+1 ). 

i 

Proof. Let {efc}^ =1 be an orthonormal basis for H and a € K. Then 

E IIVHIf = E = EE< s “ A ^’ s “ A .' e *> 

i i i j 

= EE fe, A iS 2 “A.%-> = E Tr(AiS 2a A*) 

* j * 

= 22 Tr(S 2a A*Ai) = Tr(S 2a ^A*Ai) = Tr(S 2a+1 ). 

i i 

The identity given in the next theorem was obtain for the particular case of 
ordinary frames in the paper 14] and for the case of continuous frames in 
the paper flil ]. 

Theorem 6. Let {A,} be a g-frame with g-frame operator S, {Tj} be a Par¬ 
seval g-frame and PL be a finite-dimensional Hilbert space. Then we have the 
following estimation: 


22 ii a* - Ti\\ 2 F = 22 ii a * - AiS-3||2 + 22 nr*.?* - a * a4 

i i i 

Proof. We have 

E n A ‘ - tiIIf - E n A< - A i s ~ 1/2 ni 




iJIIf 


EiiA*- r *n 2 F-En A i- s " 1/2A J 

i i 

-2R? E< A I, r ‘> + 2fie E< A ‘' S " 1/2A .‘> 
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On the other hand, 


Y || r ^ 1 / 4 - a^- 1/4 ||^ = Y \\s 1/4 v* - s~ 1/A a* ||| 

i i 

= Y l|£ 1/4 r*||| + Y || j s- 1/4 a*||| - 2ReY(s 1/4 ri s - 1 ' 4 a*> 

i i i 

= E ||S I/4 (S- 1/2 A*)||J. + E ll'S' 1/1 A,*llt - 2&E(r‘, A*) 

i i i 

= 2*E(A*,S-^A*) - 2BeE(r,‘, A*) 

i i 

where we use Proposition [4j 


As a corollary, we have immediately the following result of A. Najati 20 


Corollary 7. Let {A;} be a g-frame, with g-frame operator S and Li is a 
finite-dimensional Hilbert space. For all Parsenal g-frames {Tj} the following 
inequality 

IIA* — TjIIf > Y, IIA* — A i 5'-^||^ 

i i 

takes place, and we have equality iff Vi = A iS~^. 

In the following we consider 0 < £ < 1. The next definition extends the 
definition for ordinary frames of P.G. Casazza [ 3 ]. 

Definition 3. We say that {A*} is e nearly Parseval g-frame if for allx G PL. 


(! -e)INI 2 < 5^I|A^II 2 < (1 + 


e \ x\ 


( 2 ) 


Theorem 8. If {A*} is an e nearly Parseval g-frame and Li is a finite n- 
dimensional Hilbert space, then we have 

Y ||Aj — AjS' _ 5|||, < n( 1 - Vl - £") 2 - 

i 

Moreover, the estimation is optimal. 
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Proof. Let be S, with eigenvalues {Afc}£ =1 and a correspondent orthonormal 
set of eigenvectors }^ =1 ■ It follows that 


l|Ai - KS 




i k 


^ ^ ^ ^ 11 rr — 

k i VXk 


M 1 - 

k v 

E(i- 


\/Afc 


\Afc 


En A - 


| 


(Sek, £k) 


^ v _ 7TJ ^ efc ’ 6k ^ ~ -1 )' 


If in (J2]), we put x = e k , we obtain 


1 - £ < {Se k , e k ) < 1 + £ 


and from here 1 — e < X k < 1 + £, which implies 

-1 + x/I^ < - 1 < VlTe - 1 < 1 - vT^£, 

since\/l — £ + \/l + £ < 2 and thus 

Y ||Aj - AiS~ 1/2 \\' 2 F < n( 1 - Vl - e) 2 . 

i 

We prove now that the estimation is optimal. Indeed, we take {A^} = 
{//}"= D where ,/J = -y/l — euw, k — 1, 2, ..., n and {u k } k= 1 an orthonormal 
basis of TL. For details see [15| 


In the following we give analogous results for the case when a canonical 
Parseval (/-frame is replaced by canonical dual frame. We have before the 
following identity. 

Proposition 9. Let {A,;} be a g-frame, with g-frame operator S and {Ti} be 
an alternate dual g-frame of { A*}. Then we have the following estimation: 

Y l|Aj£ - r^H 2 = Yj ||A*x - A i S'^ 1 x|| 2 + Yj ||AjS' _1 x - rjx|| 2 (3) 

i i i 
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Proof. We have 

y, ||A,x - r. t x|| 2 = y || Ajx|| 2 + y lir^lp - 2(x, x) 


( 4 ) 


because 


y(A i a:,r i x) = y (r*A, : x. x) = (y r*AjX. x) = (x,x) 


From equation d3]), by taking Tj = A t S 1 , we have 

y ||AjX — A i S' _1 x|| 2 = ^2 ||Ajx|| 2 + y ||AjS' _1 x|| 2 — 2(x, x). 

i i i 

Using the fact that S is g-frame operator, i.e Sx = ^y A*AjX witch implies 

l 

(Sx,x) = HAj^ll 2 . By putting x t->- S~ x x we get 

i 

( x , S~ x x) = y ||Aj5' _1 x|| 2 (5) 

i 

Then 


y ||A;X — A iS 1 x\\ 2 = ||Ajx|| 2 + (x, S x x) — 2(x, x) 


( 6 ) 


We also have 


y \\r iX - a^-^h 2 = y nuxii 2 + y ha^-^h 2 - 2 y (r lX , A^-y 

i iii 

= y lir^ll 2 + (x, S~ x x) - 2 y (A t TjX, S^x) 


So 


( 7 ) 


y ||r.jX — A iS 1 x\\ 2 = || r i o;|| 2 — (x, S 1 x) 

i i 

If we add relations ([6]), (J?D and using (J4J) we get 

y ||A*x - AiS"^!! 2 + y HTjX - AjS' _1 a:|| 2 = y ||Aix|| 2 + y ||rix|| 2 - 2(x, 

i i i i 

= y ||AjX - TixH 2 


So we obtained Q. 


Corollary 10. Let {Aj} be a g-frame for the Hilbert space H, with frame 
operator S. For all alternate dual g-frames {Tj} 0 /{Aj}, the inequality 

y, ||AjX - r^|| 2 > y ||AjX - AjS' _1 x|| 2 

i i 

takes place and we have equality if and only ifYi = A iS~ x . 

The following result is an analog of Theorem [HI for alternate duals. 

Theorem 11. Let {Aj} be a g-frame for Ft finite dimensional Hilbert space, 
with frame operator S and {Tj} be an alternate dual o/{Aj}. Then we have 
the following estimation: 

y HAj - Tjin = y i|Aj - AjS 1-1 !!^ + y ha ^- 1 - r t \\ 2 F . 


Proof. We have 


y HA* - Tj|i^ = y y iiAje fc - y ^ 

i i k =1 

n 

^ ^ ^ ^ 11 r iGk 

k =1 i 


From Proposition [21 we get 


EE 

k =1 i 


yyi|Aje fe -A^ ^fcll 2 + y y HAjS 1 1 e k -Y i e k 

k =1 i k =1 i 


y i|Aj - AjS ,_i ii | 1 + y iia ^- 1 - Tiiii 


Corollary 12. Let {Aj} be a g-frameforH finite dimensional Hilbert space, 
with frame operator S. For all alternate dual g-frames {Tj} of {Aj}, the 
inequality 

y ||A, - Tj||^ > y ||Aj - AjS'- 1 ||^ 

i i 

takes place and we have equality if and only ifYi = A iS~ l 
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Theorem 13. If {Aj} is a nearly Parseval g-frame and PL is a finite n- 
dimensional Hilbert space, then there exists a dual {T*} o/{Aj} such that the 
following inequality takes place 

E H A < - r <Hl S n i~X7' 

i 

Moreover, the estimation is optimal. 


Proof. We have 


||A* - Aj5' _1 ||| = ^ Y, W^ ek ~ AiS ~ 1 




i k 


EEii A * e *-v A 

— — M 


k i 


eU 


Ef-f) E» A 


E - 

k v 

E(i- 


A i 


Aa 




(Sek, e k ) 




(A fc - 1) ; 

A k 


But, as before, 1 — £ < A*, < 1 + e. It follows |— 11 < e and — < - 

A k 1 - e 

and thus 


£||a,-a < s- 1 ||J.< 


n- 


1 — £ 


Remarks. 1. Some results of this paper were presented at the 24 th In¬ 
ternational Conference on Operator Theory, July 2-7, 2012, West University 
of Timisoara, Romania. 

2. Some results of this paper are related to the ones presented in the papers 
11] and [l2j. The papers [llj and 3 deals only with vector frames. Our 
results are more general and we use a technique which is more simple even in 
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the case of vector frames. In addition, our paper contains results concerning 
the best approximation of operator-valued frames by its alternate duals, with 
optimal estimates. 
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